On algebraic rings
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A ring R is TT-regular (periodic) if for each'element x of R there is n = n(x) B O that x n = x n .a.x n (x n = x n .l.x n ; (a depending on x). Let R be an algebraic algebra over a commutative ring F with identity. In this paper we prove that if every tr-regular image of the ring F is periodic, then R is periodic. This result applies in particular to the algebraic rings R (over the integers) considered by Drazin If R is an algebraic algebra with the property (c) , say a (c)-algebra, then each idempotent element e of R will generate a locally finite subring F.e (i.e., every finitely generated subring of F.e is finite). In fact, F.e is a subalgebra of R ring homomorphic to F .
Since F.e is algebraic, F.e is TT-regular. By (c) , F.e is periodic.
Since F has a unit and is commutative, F.e is a unitary commutative periodic ring, hence F.e is locally finite. (This result was shown in [4, Th. 2] in the more general case of a periodic ring with 1 satisfying a polynomial identity.) We have proved the following LEMMA. If R is a (c)-algebra, then each of its ayolia subalgebras generated by an idempotent is locally finite (as a ring).
We are now in a position to prove the THEOREM. Every (c)-algebra R is periodic.
Notations. For a e R , [a] ({a)) denotes the multiplicative subsemigroup (subring) of R generated by a .
Proof. We have to prove that [a] is finite for all a e R , which will be certainly the case for any nilpotent element a of R . Assume that a is non-nilpotent. We can find a polynomial p(t) in one indeterminate having as coefficients elements of F such that a = p(a).a . We may assume (without loss of generality) that pit) is This Corollary is an immediate consequence of the Theorem. It tells us by standard argumentation that if R is an arbitrary ring, one can define a maximal periodic ideal L such that R/L is periodic-simple (i.e., it has no non-zero periodic ideals). Also, by (Hi), every periodic ring R is a quasi-radical extension of the subring generated by the nilpotent elements of R . From [7] follows immediately
COROLLARY 2. Every (c)-algebra having all its nilpotent elements central is commutative.
This Corollary extends [5, . We note that in [5, Th. 5.5] or 16, Th.], the authors used [8, Th.], which is more general than [7] . The following extends [5, Th. 5.6] . COROLLARY 3. Let F be a commutative ring with 1 . Let R be an algebraic algebra over F . Assume that F is algebraic over its prime subring <1> . If, further, all nilpotent elements of R are central, then R is commutative.
Proof. Clearly F is a (c)-algebra with respect to its subring <1> . Therefore, F is periodic (Theorem). Consequently, R is a (c)-algebra, whence periodic. By Corollary 2, R is commutative.
REMARK. By a general property of periodic rings [2, Th. 9 ] , if R is an algebra as in Corollary 3, its subdirect irreducible components A are local rings. Also, R , modulo its prime radical, is a ring in which every element x satisfies x = x , for some n 2 1 depending on x .
